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FOREWORD 

This work was  sponsored under Cross Service O r d e r  No. H76789 by t h e  
Aerospace Environment Division, Aero-Astrodynamics Laboratory, Marshall 
Space F l i g h t  Center, because the  Nat ional  Aeronautics and Space Administra- 
t i o n  maintains i n s t a l l a t i o n s  and conducts ac t iv i t i e s  along t h e  At l an t i c  
and the  Gulf of Mexico coas t a l  regions--regions a f fec ted  by t r o p i c a l  
cyclones.  

The s i z e  and complexity of many space vehic les  make rapid movement 
impossible and demand lengthy on-pad checkout procedures. Thus , t he  
veh ic l e  and much ground support  equipment must be maintained i n  a 
storm-vulnerable configurat ion f o r  perhaps 30 days before  launch. 

Since t h i s  s tudy should a l s o  f ind  w i d e  app l i ca t ion  i n  a number of  
n e t e o r o l o g i c d o r g a n i z a t i o n s ,  i t  is being d i s t r i b u t e d  t o  several o f f i c e s  
i n  the  National Weather Service, t h e  A i r  Weather Service of USAF, and the  
Navy Weather Service.  
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Introduct ion 

The b i v a r i a t e  normal d i s t r i b u t i o n  has been used previously i n  t h e  study 

of t r o p i c a l  storms &d/or hurr icanes by Haggard and o thers  (1965)~ 

Haggard and o thers  (1967), and Hope and Neumann (1968, 1969, 1970).  

This d i s t r i b u t i o n  i s  discussed i n  numerous t e x t s  and t echn ica l  papers 

r e l a t i n g  t o  s t a t i s t i c s .  Appendix I provides references t o  some of t h e  

developmental work and reviews t h e  t h e o r e t i c a l  basis f o r  t h e  d i s t r ibu -  

t i o n .  Results of tests described i n  Appendix I1 i nd ica t e  t h a t  d i s t r i -  

but ions of t r o p i c a l  cyclone movement vec tors  when s e l e c t i v e l y  s t r a t i f i e d  

can be described by t h e  b i v a r i a t e  normal model. 

The purpose of t h i s  r epor t  i s  t o  summarize some of t h e  information 

contained i n  observations o f  t r o p i c a l  cyclones t o  provide guides for 

fo recas t e r s  and t h e  many p r iva t e  and government organizat ions which a re  

a f f ec t ed  by these  storms. The r e s u l t s  presented i n  Appendix I11 are  

s t a t i s t i c a l  c l imatologies  o f  t r o p i c a l  cyclone movements stratif ied accord- 

ing t o  season (June-July; August; September; October; November-May) 

geographical l oca t ion  ( five-degree l a t i t u d e  by five-degree longi tude 

squares") ,  and se l ec t ed  t i m e  i n t e r v a l s  (12-, 24-, 36-, 48-, 72- and ( 1  

96-hours ) . 

Copies of b i v a r i a t e  p robab i l i t y  t a b l e s  and appl ica t ions  by Groenewoud 

and o thers  (1967) a re  being d i s t r i b u t e d  with t h i s  r epor t .  These, along 

w i t h  t h e  s t a t i s t i c a l  c l imatologies  ind ica ted  above, allow the  user  t o  

make p robab i l i t y  statements concerning f u t u r e  storm movements for planning 



or decis ion making purposes. Appendix I V  provides t h e  For t ran  I V  - 

IBM 360/65 program which e a s i l y  w a s  adapted f o r  use on t h e  CDC 6600 

and RCA Spectra  70/45 computers t o  provide t r o p i c a l  cyclone s t r i k e  

p r o b a b i l i t i e s  which w i l l  appear i n  a second paper. The procedures 

and mater ia l  presented here  should not rep lace  present  forecas t ing  

techniques but  should be used as a source of addi t iona l  information. 

Data Source 

The s t a t i s t i c s  presented here  a re  based on data taken from the  N O M ,  

EDS, National Climatic Center 's  Card Deck 993 (Tropical  Cyclone Deck). 

The preparat ion of t h i s  deck w a s  funded by t h e  Commander, Naval Weather 

Service Command, Washington, D. C .  The data a r e ,  f o r  t h e  most p a r t ,  

taken from t h e  char t s  of North At l an t i c  Tropical  Cjrclones presented by 

Cry and o thers  (1959) and Cry (1965).  A complete descr ip t ion  of t h i s  

deck i s  ava i lab le  i n  a reference manual ava i lab le  at  t h e  National 

Climatic Center. The per iod of record used here i s  1899-1969. This 

deck contains t h e  l a t i t u d e  and longitude pos i t ions  ( i n  degrees t o  t e n t h s )  

of storm centers  a t  OOZ and 122. A 1 1  movement vec tors  were calculated 

using t h e  pos i t ions  at these  t imes.  Only storms c l a s s i f i e d  as a " t ropi-  

c a l  storm" or "hurricane" (winds - > 34 knots )  and o r ig ina t ing  i n  the  

North At lan t ic  Ocean were t r e a t e d .  These w i l l  be r e f e r r e d  t o  as " t rop ica l  

cyclones." Movements f o r  t h e  periods when these  storms were c l a s s i f i e d  

as " t rop ica l  depressions" or were ex t r a t rop ica l  a r e  not included. 

Computation of S t  at  i s t  i cs  

( a )  S t r a t i f i c a t i o n s  

The data were s t r a t i f i e d  according t o  time and loca t ion  of occurrence. 
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The year  w a s  divided i n t o  f i v e  seasons: June-July; August; September; 

October; and November-May. This c l a s s i f i c a t i o n  separa tes  per iods which 

tend  t o  exh ib i t  d i f f e r e n t  c h a r a c t e r i s t i c s  i n  storm movement or i n  t h e  

geographical l oca t ion  of storm development. 

was achieved by dividing the  North At l an t i c  and adjacent areas  i n t o  

separate  five-degree l a t i t u d e  by five-degree longi tude areas  o r  "squares. " 

'Geographical s t r a t i f i c a t i o n  

Figure 1 shows these  squares and i l l u s t r a t e s  t he  scheme used t o  i d e n t i f y  

them. The th ree  or  four  d i g i t  number p l o t t e d  i n  each square gives  the  

coordinates of t h e  southwest corner of t h e  square. The last  two d i g i t s ,  

when mul t ip l ied  by f i v e ,  give t h e  longi tude i n  degrees.  The preceding 

d i g i t s  give the  l a t i t u d e  i n  degrees. For example, t h e  four d i g i t  number 

1010 ind ica t e s  t h e  a r e a  between 10  and 15 degrees north l a t i t u d e  and 45 

and 50 degrees west longi tu&. 

w e s t  corner of t h e  square.  

That i s ,  10°N and 50°W l oca t e s  t h e  south- 

( b )  Coordinate Transformations 

The la t i tude- longi tude  pos i t i ons  of t h e  storm centers  were transformed 

i n t o  pos i t i ons  i n  t h e  orthogonal T , J  g r i d  system cur ren t ly  used a t  the  

N O M ,  NWS, National Meteorological Center. This g r i d  cons is t s  of a 

square g r i d  superimposed on a polar  s tereographic  pro jec t ion  of t h e  

Northern Hemisphere. The t ransformation equations a r e :  

I = B[sin ( A ' ) ]  + 24 

J = Brcos ( A ' ) ]  + 26 

where 

3 
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X = longitude (degrees)  

I$ = l a t i t u d e  (degrees)  

B = 31.2043 [cos ($')/(l + s i n  ( $ ' ) ) I  
This g r i d  e l iminates  t h e  curvature e f f e c t s  present  i n  a l a t i t u d e -  

longi tude system. - 

Figure 2 shows the  I,J g r i d  over la id  on a polar  s tereographic  map of 

the  North At l an t i c  Ocean and surrounding area. The following t a b l e  

gives  t h e  approximate d is tance  equivalent t o  one g r i d  length f o r  

var ious l a t i t u d e s .  

Lat i tude One Grid Length (Kilometers ) 

10°N 241 

20°N 273 

30°N 308 

40°N 334 

Conversion from g r i d  i n t e r v a l s  t o  ki lometers .  

( c )  Computations 

Movement vec tors  i n  terms of (1,J) coordinates were compiled f o r  

e lapsed times of 12,  24, 36, 48, 72 and 96 hours. A l l  t h e  movement 

vec tors  o r ig ina t ing  i n  a given Square were t r a n s l a t e d  such t h a t  t h e  

i n i t i a l  pos i t i ons  were moved t o  t h e  center  of t h e  square. The b i v a r i a t e  

s t a t i s t i c s  were computed f o r  t h e  s t r a t i f i c a t i o n s  ind ica ted  previously 

by u t i l i z i n g  t h e  machine program, Winds Aloft  Summary (1963). 

h 
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The pe r t inen t  s t a t i s t i c s ,  including both polar  and component forms of 

the  means, are l i s t e d  i n  Appendix 111. These are: 

(1) Resultant d i r ec t ion  of storm movement (degrees)  - ( e )  

( 2 )  Magnitude of t h e  r e su l t an t  storm movement - (D,) 

( 3 )  and ( 4 )  

( 5 )  and ( 6 )  

t h e  d i s t r i b u t i o n  - ( s  and s ) .  These are ca l led  SIGX and SIGY 

i n  t h e  t a b l e s  and example appl ica t ions  by Groenewoud, Hoaglin, 

V i t a l i s  and Crutcher (op. c i t . ) .  

Mews of the  components of storm movement - (GI and E) 

Standard deviat ions along the  major and minor axes of 

a b 

( 7 )  The angle of ro t a t ion  measured counterclockwise from t h e  

I axis  - ( $ )  

( 8 )  The number of observations - ( n )  

These parameters were computed from t h e  following expressions: 

n n 

i= 1 i= 1 
e = Arctan C A I i /  AJi 

2 n 2 2  

1 
i= l  

D = J n  [ (  c A I . )  + ( C nJ i )  l / n  r i= 1 

n 
A I  = ( C A I , ) / n  
- 
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where 

( a )  A I  = I - I and A J  = J - J where t h e  subsc r ip t s  o and f o f  f o  

ind ica t e  t h e  i n i t i a l  and f i n a l  p o s i t i o n s ,  respect ively.  

(Note t h e  r e v e r s a l  of I and I i n  t h e  formulation of A I .  

This modification makes t h e  s igns  of t h e  components agree 

0 f 

with t h e  standard meteorological coordinate system.) 

n 
A12)/n-1) - ( (  C AI)2/n(n-1)) 

i= 1 i= 1 

n 
A12)/n-1) - ( (  C AI)2/n(n-1)) 

i= 1 i= 1 

(sAI i s  t h e  s tandard deviat ion along t h e  I a x i s )  

(sAJ i s  t h e  standard deviat ion along t h e  J axis) 

r n  n n 1 

i s  the  c o r r e l a t i o n  coe f f i c i en t  of t h e  I and J components) ( r A I A J  

( e )  K and K t h e  eigenvalues,  are the  roo t s  of t h e  determinant 
1 2 ,  

with K1 being t h e  l a r g e r .  

8 



The determinant expanded i s  

2 - ~ ) ( s ~ ~  2 - K) - s 2s 2r 2 = 0  
( ‘ A I  A I  A J  A I A J  

o r  
r 7 

2 2  2 K = (sA12 + s ) It: JisA12 + s 2 ) 2  - 4sAI sAJ (l-rAIAJ 
A J  A J  

Examples 

Appqdix I11 contains a l i s t i n g  of t h e  b i v a r i a t e  s t a t i s t i c s  needed t o  

def ine t h e  d i s t r i b u t i o n  of storm movements. Here, each page contains 

t h e  movement s t a t i s t i c s  for two squares.  A l l  seasons and t i m e  i n t e rva l s  

a re  included except for cases with less  than f i v e  observations.  

Figure 3 i l l u s t r a t e s  how t h e  s t a t i s t i c s  are used t o  construct  proba- 

b i l i t y  e l l i p s e s .  Here, Square 2518 ( t h e  north c e n t r a l  Gulf area) i s  

considered. The d a t a  show t h e  end poin t  of t h e  24-hour movements when 

a l l  o r ig ina t e  at t h e  center  of t h e  square.  The season i s  September. 

The s t a t i s t i c s  computed from these  d a t a  are: - ( see  page 111-27) 

n = 73 

-- 
AI = -.20 

s = 1.08 

s = .65 

a 

b 

$ = 3 . 5 O  

9 
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The p robab i l i t y  e l l i p s e s  a re  constructed through t h e  following s teps .  

Since t h e  s t a t i s t i c s  were computed i n  t h e  1,J coordinate system, t h i s  

system must be used i n  t h e  s t eps  indicated.  

Locate the  mean of t he  movements. 

Construct an I,J coordinate system such t h a t  t he  o r ig in  

coincides with the  mean. 

Rotate t h i s  coordinate system counterclockwise from 

the  I-axis  through t h e  angle $. 

Selec t  t he  probabi l i ty  value desired.  

Se lec t  the  appropriate  mul t ip l i e r  from Figure 4. 

Multiply s and s ( t h e  standard deviat ion along the  

major and minor a x i s )  by t h i s  mu l t ip l i e r .  

Let these  d is tances  def ine the  length of the  semi-major 

and semi-minor axis. 

Construct t h e  e l l i p s e  described by these  dis tances .  

a b 

In  Figure 3 t h e  .25, .50 and .75 probab i l i t y  e l l i p s e s  are drawn. The 

mean movement vec to r ,  along with the  s i z e ,  shape and or i en ta t ion  of 

t h e  probabi l i ty  e l l i p s e s ,  gives a c l e a r  p i c tu re  of' how the  storm move- 

ments are d i s t r ibu ted .  Here t h e  da ta  ind ica te  a la rge  va r i a t ion  i n  t h e  

d i r ec t ion  of movement. The probabi l i ty  e l l i p s e s  re la te  the same infor-  

mation by the  east-west o r i en ta t ion  of t h e  major ax is .  

Additional Publ icat ions and Future Work 

This i s  t h e  f irst  of a series of publ icat ions dealing with t r o p i c a l  

storm movement s t a t i s t i c s  and s t r i k e  p robab i l i t i e s .  The proposed 
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t i t l e s  and sponsoring agencies f o r  t h e s e  fu ture  publ icat ions a r e  as 

At lan t ic  Tropical Cyclone S t r i k e  P r o b a b i l i t i e s  (For Selected 

S ta t ions  and t h e  Month of September) - Aerospace Environment 

Division , Aero-Astrodynamics Laboratory Marshall Space F l ight  

Center, NASA, Huntsvi l le ,  Alabama. 

At lan t ic  Tropical  Cyclone S t r i k e  P robab i l i t i e s ,  (Volume I ,  

24-Hour Movements ; Volume 11, 48-Hour Movements ; Volume I11 

72-Hour Movements ) - Commander, Naval Weather Service Command, 

Washington, D. C.  

At lan t ic  Tropical Cyclone Mean Vector Charts - Commander, 

Naval Weather Service Command, Washington, D. C.  

Future work may be extended t o :  

( a )  Use of Hote l l ing ' s  "T2" t e s t  t o  de l inea te  areas of s i m i l a r  

or diss imi la r  storm movement i n  time and space. 

Development of a t h e o r e t i c a l  model t o  permit use of p r i o r  

conditions.  

Development of c l a s s i f i c a t i o n  and discrimination or c l u s t e r i n g  

techniques t o  i s o l a t e  homogeneous time-space groups. This 

w i l l  be an extension t o  ( a )  above. 

( b )  

( c )  

Summary 

The b i v a r i a t e  normal d i s t r i b u t i o n  is  used as a model t o  describe t h e  

movements of t r o p i c a l  cyclones f o r  s t a t e d  periods from spec i f ied  posi- 

t i ons  ( see  Appendix 11). 

butions a re  described b e t t e r  by the  b i v a r i a t e  t -d i s t r ibu t ion .  As  the 

Due t o  the  s m a l l  number of cases,  t he  d i s t r i -  

13 



b i v a r i a t e  normal d i s t r i b u t i o n  i s  approximated by t h e  b i v a r i a t e  "t" 

with an increasing number of observations,  it i s  assumed t h a t  t h e  

b i v a r i a t e  normal d i s t r i b u t i o n  model can be used t o  compute v a l i d  move- 

ment s t a t i s t i c s  and s t r i k e  p r o b a b i l i t i e s .  

The bivariate s t a t i s t i c s  of t r o p i c a l  cyclone movements are computed 

and presented. Sample s i z e s  range from 5 t o  almost 100. Obviously, 

more confidence should be placed i n  those s t ? . t i s t i c s  which are based 

on t h e  l a r g e r  sample s i z e s .  S t r i k e  p r o b a b i l i t i e s  m a y  be computed by 

t h e  u s e r  from t a b l e s  which accompany t h i s  paper as a separate  publica- 

t i o n  or by means of an e l e c t r o n i c  computer program included as an 

appendix. 
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APPENDIX I. THE BIVARIATE NORMAL DISTRIBUTION 

Bravais (1846) provides t h e  f irst  extension from t h e  un iva r i a t e  t o  

bivariate d i s t r i b u t i o n .  

( l g O O ) ,  and S t r u t t  (1919) provide f u r t h e r  extensions,  and Bart le t t  

Maxwell (1859) , Bertrand (1888) , Pearson 

(1934) discusses  vec tor  representa t ions  i n  samples. The following 

discussion i s  taken i n  p a r t  from Crutcher (1959) .  

A vector  d i s t r i b u t i o n  i s  s a i d  t o  be normal i f  t h e  p robab i l i t y  dens i ty  

has a m a x i m u m  at some point  and f a l l s  off  i n  a l l  d i r ec t ions  as 

f ( x , y )  = exp (-%Q) 

where Q is d i s t r i b u t e d  as x2 with v degrees of freedom f o r  t he  

v-dimensional d i s t r ibu t ion .  For t h e  2-dimensional d i s t r i b u t i o n  

L -1 

and i s  d i s t r i b u t e d  as x 2  with 2 degrees of freedom. x2 may be used t o  

replace Q. The p robab i l i t y  t h a t  a poin t  l i e s  i n s ide  t h e  e l l i p s e  f o r  a 

spec i f ied  x2 i s  then F ( x 2 q 2  ) = P. For a given probabi l i ty  P ,  x 2  can 
P P - 

I be determined. Then dx2 or xp becomes the  vector  radius  t o  determine 

the  p robab i l i t y  e l l i p s e  contour corresponding t o  probabi l i ty  P. 
P 

i 

Eq. 1 then represents  a b iva r i a t e  normal d i s t r i b u t i o n  where v i s  2 ,  X 

and Y a r e  orthogonal components, and p are t h e  respec t ive  means of 

t h e  components, CI and CI are t h e  s tandard deviat ions of t h e  respec t ive  
UX Y 

X Y 

components, and pxy i s  the  co r re l a t ion  between t h e  components. 
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equals 1 , t h e  d i s t r i b u t i o n  is  a degenerate b i v a r i a t e  d i s t r i b u t i o n  If pxy 

which i s  not encountered i n  prac t ice .  The opposite extreme occurs when 

t h e  variances 0 and 0 are equal and p equals zero. The expression 

(1) reduces t o  exp (-R2/o 2 ,  where 
X Y X y  

v 

R2 = (X-p )2 + (Y-p ) 2  and 2oX2 = 20 = CT 
X Y Y v 

The d i s t r i b u t i o n  i s  then c i r cu la r .  These two form the  l i m i t s  of t h e  

d i s t r i b u t i o n ,  t h a t  i s ,  t he  s t r a i g h t  l i n e  and the  c i r c u l a r .  Since t h e  

cor re la t ion  between components i s  of ten  zero,  t he  c i r c u l a r  form frequent ly  

w i l l  be encountered. 

Now, if w equals and w equals (Y-p )2 /o  2 ,  expression (1) 

reduces t o  
X Y Y Y 

(4) 

and i f  p i s  zero reduces t o  
XY 

f ( x , y )  = exp {-1/2[wx2 + w 2 1 )  
Y 

Let t ing w2 = w + w 2 ,  Eq. ( 4 )  becomes 
X Y 

f ( x , ~ )  = exp (-w2/2) ( 5 )  

which is  the  familiar c e n t r a l  Rayleigh ( S t r u t t )  d i s t r i b u t i o n  (1919) i f  

only d i s t r i b u t i o n  of t he  magnitudes i s  considered and the  vec tor  mean 

i s  zero. 

If t h e  d i s t r i b u t i o n  i s  e l l i p t i c a l ,  then p may be s i g n i f i c a n t l y  

d i f f e ren t  from zero.  I n  t h i s  case the  axes may be ro t a t ed  through t h e  

angle $ t o  a new axes along which t h e  components a re  not  cor re la ted .  

XY 
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The values  for t h e  components i n  t h e  new coordinate system may be 

obtained from Equations (6a) and (6b ) .  

X' = X s i n  J, + Y cos J, 

Y' = Y s i n  $ - X cos J, 

while t h e  means may be expressed as 

- - - 
Y' = Y s i n  J, - X cos + 

Here I) (measured counterclockwise from the  pos i t i ve  X axis) i s  given 

as 

+ = (1 /2)  Arctan [ 2 p  u 0 /(ux2-oy2)] 
X Y X Y  

Standardizat ion of t h e  new v a r i a t e s  X '  and Y' provides Equation ( 5 )  as 

Equation ( 7 )  

f ( x , y )  = exp ( - (w1l2 /2)  ( 7 )  

and i s  a measure of t h e  standardized r e s u l t a n t  of t h e  X' and Y' 

components. Thus, t h e  mean of a normal vec tor  d i s t r i b u t i o n  coincides 

with the  point  of maximum probab i l i t y .  In  s tandardized form, t h e  

p robab i l i t y  i s  proport ional  t o  exp [-(w2/2) 1. 

Expression (1) is  completely defined by f i v e  parameters: two means 

and ) , t h e  two variances ( o  and CT 2 ,  , and t h e  co r re l a t ion  
( % Y X Y 

coe f f i c i en t  ( p  ) . Moreover , t hese  parameters def ine the  probabi l i ty  

densi ty  as a funct ion only of the  vec tor  var iab le .  
XY 
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APPENDIX 11. DETERMINATION OF MODEL FIT 

dimensional x2 t e s t  may be 

of b i v a r i a t e  normality f o r  

The reasonableness of t h i s  

frequencies are  compared w 

Though it may be advisable 

purposes of t h i s  t e s t ,  t h e  

zero may be used. This i s  

A. Determination of F i t  t o  t h e  Bivar ia te  Normal Dis t r ibu t ion .  

This s ec t ion  descr ibes  t h e  t e s t i n g  of t h e  v a l i d i t y  of t he  assumption 

t h a t  t r o p i c a l  cyclone movement d i s t r i b u t i o n s  a re  b i v a r i a t e  normal. 

Crutcher (1957, 1958) made t h i s  assumption i n  work on ex t ra - t ropica l  

cyclones. Here t h e  assumption was supported by t h e  demonstration t h a t  

t h e  component d i s t r i b u t i o n s  i n  themselves were d i s t r i b u t e d  normally. 

Though t h i s  i s  a necessary condi t ion,  i . e . ,  t h a t  t h e  marginal d i s t r i -  

butions be d i s t r i b u t e d  normally, it i s  not a s u f f i c i e n t  condi t ion.  It 

may be in fe r r ed  from Hald's (1952) suggestion (page 602) t h a t  a two- 

made. This w a s  t h e  b a s i s  f o r  t h e  assumption 

wind d i s t r i b u t i o n s  as used by Crutcher (1959). 

assumption i s  evident when t h e  expected 

t h  observed frequencies.  

at times t o  go t o  t h e  uncorrelated forms f o r  

general  case i n  which t h e  co r re l a t ion  i s  not 

Q or x2 obtained from expression (1) i n  

Appendix I. It i s  repeated here .  

~2 = [1/(1-rxy2)] ( X - X ) ~ / S ~ ~ ] - [ ~ ~  (x-X)(y-Y)/s s I+[  (Y-Y)2/sy 
XY X Y  

L J 

where t h e  sample est imates  of t he  parameters rep lace  t h e  population 

parameters. 

Now, t h e  use of t h e  normal d i s t r i b u t i o n  implies t h a t  a r e l a t i v e l y  l a r g e  

number of observations w a s  ava i lab le .  This i s  not always t h e  case i n  
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t r o p i c a l  cyclone da ta  s t r a t i f i e d  by season and by five-degree l a t i t u d e  

by five-degree longitude squares. Therefore, t h e  b i v a r i a t e  t -d i s t r ibu-  

t i o n  model w a s  inves t iga ted  a l so .  

B. Determination of F i t  t o  the  Bivar ia te  Student -&Distribution. 

The r a t i o n a l e  here  i s  t h a t  i f  t h e  t r o p i c a l  cyclone movements a re  

b i v a r i a t e  t and as t h e  b i v a r i a t e  t asymptotically approaches the  b i -  

v a r i a t e  normal, t he  non-rejection of the  t -d i s t r ibu t ion  would permit 

t h e  assumption of b i v a r i a t e  normality i n  t h e  computation of storm s t r i k e  

or t a r g e t  s t r i k e  p r o b a b i l i t i e s .  The mul t ivar ia te  t -d i s t r ibu t ion  a l s o  

approaches t h e  mul t ivar ia te  normal d i s t r i b u t i o n  asymptotically j u s t  as 

i n  the  un iva r i a t e  and the  b i v a r i a t e  cases.  The mul t ivar ia te  form i s  

indicated f o r  t he  t -d i s t r ibu t ion  by Krishnaiah and o thers  (1969) , 

,.. . ,x be S tef fens  (1968),  John ( ~ 9 6 1 ) ~  and others .  Let x17  x x 

d i s t r i b u t e d  j o i n t l y  as a v-variate normal with zero means, common unknown 

V 2, 

variance rs2 , and known co r re l a t ion  matr ix  D = ( p  . .> . 
chi-square v a r i a t e  with v degrees of freedom d i s t r i b u t e d  independently 

Let vs2/cs2 be a 
1 J  

of x1 y x2 y x3 y . .  . ,xy. 

where ti = x . / s  is  known t o  be a c e n t r a l  v-variate t -dis t r i -but ion,  Dunn 

and Massey (1965).  

Then the  j o i n t  d i s t r i b u t i o n  of t l  , t2 t3  ,.. . ,t 
V 

1 

Let random va r i ab le s  x,y have a b i v a r i a t e  normal d i s t r i b u t i o n  with means 

pl, u2 and var iances  0 2 7  CT 2 ,  respec t ive ly ,  then  v s  2/012 and v s  2/a22 

both a re  independent of x,y and have a x 2  d i s t r i b u t i o n  with v degrees of 

1 2 X Y 

freedom where s and s a r e  estimates of a and a 2 ,  respec t ive ly .  It 

follows t h a t  ti = (xi-pi)/si ,  where % 
X Y 1 2 

replaces  1-1 i i and i = 1,2 and each 
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has a Student t -d i s t r ibu t ion .  The j o i n t  densi ty  funct ion following 

Steffens (1968) i s  

I- 

P r o b a b i l i t i e s  associated with t h i s  function may be evaluated f o r  v 

degrees of freedom and various values of t using t h e  t ab le s  developed 

by Steffens (op. c i t . ) .  C r i t i c a l  values of t a l so  have been tabulated 

by degrees of freedom. Values of t f o r  a given probabi l i ty  l e v e l  a r e  

determined by in te rpola t ion  using the  values of S te f fens '  I n t e g r a l  I1 

and h i s  t a b u l a r  data .  The expression 

I1 = (1 - P)/4 (3) 

where P = probabi l i ty  l e v e l ,  gives t h e  proper value t o  use i n  determining 

t when values of I, have been p l o t t e d  against  t. 

probabi l i ty  of . bo  and 75 degrees of freedom 

For example, using a 

I, = (1 - . 4 0 ) / 4  = .15 (4) 

and in te rpola t ion  i n  S tef fens '  t a b l e s  y i e l d s  a value f o r  t = t2 = .gob. 
1 

C. Testing of Models for Tropical Cyclone Movement 

Figure 11-1 shows t e n  geographic five-degree l a t i t u d e  by five-degree 

longitude squares i n  t h e  southern North At lan t ic  and Gulf of Mexico areas .  

These areas  were se lec ted  t o  t e s t  the b i v a r i a t e  normal and t - d i s t r i b u t i o n  

function models f o r  the 12-hour t r o p i c a l  cyclone movements during September 

f o r  t h e  period 1899-1969. 

black. 

The s e l e c t e d  geographic areas a r e  shown i n  
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Figure 11-1 Tests of null hypotheses for the bivariate normal and bivariate t- 
distribution f o r  12-hour movemats of tropical cyclones during the 
month of Septeniber. The 
number of tropical cyclone movements is  shown i n  the upper l e f t  
corner of each square. A single asterisk or double asterisk indi- 
cates rejection of the null hypothesis for the bivariate normal and 
the bivariate t-distribution respectively. The rejection level of 
c1 = 0.05 involved 4 degrees of freedom as ten equiprobability inter- 
vals were selected as class intervals. Period of Record 1899-1969. 

The geographic areas are s h m  i n  black. 
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A s tandard model was  used f o r  t e s t i n g  a l l  squares ,  i . e . ,  random va r i ab le s  

A1,AJ were standardized r e s u l t i n g  i n  means 0 and variances 1. A r o t a t i o n  

of ax is  w a s  performed t o  remove cor re la t ion .  By d e f i n i t i o n  of t h e  t 

v a r i a t e  , t hese  standardized random va r i ab le s  have a j o i n t  d i s t r i b u t i o n  

which is  t h e  b i v a r i a t e  t -d i s t r ibu t ion .  

A x2 t e s t  of goodness of f i t  w a s  made f o r  each of t h e  b i v a r i a t e  normal 

and b i v a r i a t e  t -d i s t r ibu t ions .  For more d e t a i l s  %he reader i s  r e f e r r e d  

t o  Crutcher and F a l l s  (1971). 

The d i s t r i b u t i o n  i s  s e t  up with t e n  she l l s . ,  each s h e l l  holding, t h e o r e t i -  

The general  procedure i s  t h e  following. 

cally., t e n  percent of t h e  volume. The s h e l l s  may be rec tangular ,  square,  

e l l i p t i c a l  or c i r c u l a r .  Ava i l ab i l i t y  of polar  t a b l e s  f o r  t he  normal 

d i s t r i b u t i o n  and t h e  a v a i l a b i l i t y  of rec tangular  t a b l e s  f o r  t h e  t - d i s t r i -  

bution permits t he  use of e l l i p t i c a l  c y l i n d r i c a l  s h e l l s  f o r  the  f i rs t  

md square c y l i n d r i c a l  s h e l l s  f o r  t h e  second. The expected frequencies 

f o r  each s h e l l  then a re  n/10 and may be expressed as Ei. An a c t u a l  count 

of the  end poin ts  of t h e  observed vec tors  f a l l i n g  in s ide  each s h e l l  then 

i s  made. 

squared and t h e  square i s  divided by E This i s  done for.  each s h e l l  and 

This may be expressed as Oi. The d i f f e rence ,  ( O i  - Ei) , i s  

i 

the t e n  quot ients  a r e  added. This i s  expressed as 

i= 1 
( 5 )  

The quant i ty  X2 i s  d i s t r i b u t e d  as x2, Pearson (1900). The b i v a r i a t e  

frequency surface i s  f i t t e d  with two means, two var iances ,  one co r re l a t ion ,  

and a f ixed  volume, causing a loss of s i x  degrees of freedom. A s  t he re  
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a r e  t e n  s h e l l s  and s i x  degrees of freedom are l o s t ,  X2 i s  d i s t r i b u t e d  

as x2 with fou r  degrees of freedom. 

Figure 11-2 shows equiprobabi l i ty  e l l i p s e s  and r ec t ang le s  of 0.40 and 

0.50 f o r  t h e  normal and t -d i s t r ibu t ion ,  respect ively.  The September 

12-hour cyclone movements a r e  indicated by t h e  do t s  from t h e  i n t e r s e c t i o n  

of t he  I,J coordinates a t  t h e  center  of t h e  Square 2512. With 30 t r o p i c a l  

c y c l o n e  movements and t e n  s h e l l s ,  t h r e e  dots  a r e  expected i n  each s h e l l .  

There are two i n  t h e  e l l i p t i c a l  s h e l l  and two i n  t h e  rectangular  s h e l l  

where boundaries a r e  0.40 and 0.50 probab i l i t y  r ec t ang le s .  

t i o n  of each s h e l l  t o  X2 f o r  each d i s t r i b u t i o n  i s  (3-2)2/3 or 0.333. 

This i s  done f o r  a l l  t e n  e l l i p t i c a l  s h e l l s  or rectangular  s h e l l s ,  then 

the  t o t a l  X2 i s  found f o r  each case.  

appropriate decis ion c r i t e r i a  f o r  c1 = 0.05 with fou r  degrees of freedom. 

The contribu- 

This then i s  compared against  t h e  

The n u l l  hypothesis H : w a s  t e s t e d  against  t h e  a l t e r n a t e  
0 

where c1 = 0.05.  Here x2 i s  9.488. When 
b Y 4 )  

hypothesis H : a 

t h e  x2 s t a t i s t i c  obtained is  less  than x2 
t h e  b i v a r i a t e  normal d i s t r i b u t i o n  shows a reasonable f i t  t o  t h e  a c t u a l  

da t a  d i s t r i b u t i o n  i s  not r e j e c t e d .  

t h e  n u l l  hypothesis t h a t  
(a,4) ’  

Table 11-1 gives the  r e s u l t s  of t h e  t e s t i n g  of t h e  n u l l  hypothesis for 

t he  two d i s t r i b u t i o n s .  

t h e s i s  f o r  t h e  b i v a r i a t e  normal d i s t r i b u t i o n ,  while a double a s t e r i s k  

ind ica t e s  r e j e c t i o n  of t h e  n u l l  hypothesis f o r  t h e  bivariate t -dis t r ibu-  

t i o n .  The b i v a r i a t e  normal d i s t r i b u t i o n  model i s  r e j e c t e d  f i v e  t i m e s ,  

while t h e  b i v a r i a t e  t - d i s t r i b u t i o n  i s  r e j e c t e d  twice out of t e n .  

a s t e r i s k s  are shown a l s o  on Figure 11-1. 

An a s t e r i s k  denotes r e j e c t i o n  of t h e  n u l l  hypo- 

The 
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~~ - 

SQUARE 2512 

e 

Figure 11-2 Distribution of t ropical  cyclone 12-hr movements for September, 
years 1899-1969 i n  the I, J grid system. 
b i l i t y  e l l ipses  and rectangles for the bivar ia te  normal and the 
bivariate Student t-distribution respectively are shown. The 
probability of a t ropical  cyclone occurring a t h i n  the bands de- 
fined by the el l ipses  or the rectangles is .lo. The number of 
movements i s  30. 

The .40 and .5O proba- 
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Both models are r e j e c t e d  i n  t h e  Square 2018 j u s t  north of Yucatan and 

between Yucatan and Cuba. Examination of t h e  da t a  ind ica tes  some b i -  

modality which is  evident when t h e  five-degree square is  broken down 

i n t o  two and one-half degree squares.  Tropical cyclones, i f  i n  t h e  

northern p a r t ,  tend t o  move nor th ,  while those i n  t h e  southern p a r t  

tend t o  move west. 

I n  Square 2514 t h e  s l o w  moving storm of September 18-21, 1964, con- 

t r i b u t e d  g r e a t l y  t o  X2 due t o  seve ra l  movements i n  the  0.30 t o  0.40 

p robab i l i t y  band. Though the  following i s  conjecture ,  t h i s  could be 

due t o  est imates  of movement being equalized by t h e  analyst  over 

severa l  per iods.  

Table 11-1. Chi-square (x2) t es t  f o r  f i t  of t r o p i c a l  cyclone 

12-hour movements during September. Period 1899-1969 a = 0.05 

degrees of freedom = 4 ,  c r i t i c a l  value of x2 = 9.488. 
(a,4) 

Square 

1512 
2018 

2512 
2514 
2515 
2518 
3012 

3014 
3512 
3514 

No. of  
Obs. 

69 
54 

76 
75 
76 

74 
37 
36 

30 

31 

X2 
Bivar ia te  normal 

( r e j ec t ed%)  

14.91 * 
15.60 * 

8.00 

6.37 
11.00 * 

3.47 
7.38 

11.68 * 

5.67 
13.43 W 

X2 
Bivar ia te  " t I' 

(rejected"") 

5.93 
14.52 8" 

9.33 
16.89 ** 
7.27 
8.21 
8.68 
4.92 
8.14 
6.22 
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Table 11-2 gives the r e s u l t s  of t e s t i n g  the  same n u l l  hypothesis f o r  

se lec ted  samples f o r  time in t e rva l s  grea te r  than twelve hours. Here 

da ta  from a l l  seasons except November-May are  .used. The b i v a r i a t e  

normal model i s  r e j e c t e d  i n  th ree  of t h e  four cases ,  while t he  b i v a r i a t e  

I? 11 t model i s  r e j e c t e d  only once. In  general ,  these  r e s u l t s  agree with 

those indicated by Table 11-1. 

Table 21-2. Chi-square ( x 2 )  tes t  f o r  f i t  of se lec ted  samples 

of t r o p i c a l  cyclone movements f o r  time i n t e r v a l s  grea te r  than 

12 hours. 

c r i t i c a l  value of x2 

Period 1899-1969, a = 0.05, degrees of freedom = 4 ,  

= 9.488. 
(01,4) 

' x2 X2 
Time No. of Bivar ia te  Normal Bivar iate  "t" 

Square ( H r s )  Season Obs . ( r e  jetted") (rejected**) 

2518 24 June - J u l y  37 5.43 4.35 

3015 36 September 54 15.99 8.96 

1516 48 October 44 15.09 * 21.91 ** 
2015 72 August 39 11.51 * 5.36 

Table 11-3 provides the  approximate p r o b a b i l i t i e s  t h a t  the  computed x2 
values given i n  Tables 11-1 and 11-2 would be exceeded by chance. Here, 

for example, the probabi1it.y l e v e l  < . O 5  ind ica tes  l e s s  than . O S  but 

g rea t e r  than or equal t o  .02, while <.5O indica tes  l e s s  than . 5 O  but 

grea te r  than or equal t o  .40. 

Inspection of Table 11-3 shows t h a t  i f  the  n u l l  hypothesis i s  t e s t e d  at 

the  .10 l e v e l  of s ign i f icance ,  the  number of squares accepted by the  

11-9 



Table 11-3. Probabi l i ty  l e v e l s  ind ica t ing  the  l ike l ihood 

t h a t  t he  computed y2 values provided i n  Tables 11-1 and 

11-2 would be exceeded by chance. 

X2 X2 
Time No. of Bivar ia te  Prob. Bivar ia te  Prob. 

Square ( H r s )  Season Obs. Normal Level "t" Level 

1512 

2018 

2512 

2514 

2515 

2518 

3012 

3014 

3512 

3514 

2518 

3015 

1516 

2015 

12 

12 

12 

12 

12 

12 

12 

12 

12 

12 

24 

36 

48 

72 

September 

September 

September 

September 

September 

S ep t ember 

September 

S e p t  emb e r 

September 

September 

June- Ju ly  

September 

October 

August 

69 

54 

30 

76 

75 

76 

31 

74 

37 

36 

37 

54. 

44 

39 

14.91 

15.60 

8.00 

6.37 

11.00 

3.47 

7.38 

11.68 

13.43 

5.67 

5.43 

1 5  * 99 

15 09 

11.51 

<.01 

<.01 

<.lo 

<.20 

<.05 

c.50 

<.20 

<.02 

c.01 

<.30 

<.30 

<.01 

<.01 

C.02 

5.93 <.30 

14.52 <.01 

9.33 <.lo 

16.89 <.oi 

7.27 <.20 

8.21 <.io 

8.68 <.io 

4.92 <.30 

8.14 <.lo 

6.22 c.20 

4.35 c.40 

8.96 <.io 

21.91 c.01 

5.36 <.30 

11- 10 



b i v a r i a t e  normal model would be comparable t o  the  number accepted by 

t h e  b i v a r i a t e  "t" model. In  general ,  however , t he  b i v a r i a t e  t -dis t r ibu-  

t i o n  provides a b e t t e r  f i t  t o  t h e  data. As the  b i v a r i a t e  t - d i s t r i b u t i o n  

i s  asymptotic t o  t h e  b i v a r i a t e  normal d i s t r ibu t ion ,  the d i f fe rence  be- 

tween t h e  two models can be la rge ly  a t t r i b u t e d  t o  t h e  l imi ted  amount of 

data.  

I n  a few squares,  topography and/or ce r t a in  prefer red  p a t t e r n s  i n  the  

general  c i r cu la t ion  may r e s u l t  i n  a heterogeneous sample within a f ive-  

degree square. Further s t r a t i f i c a t i o n  could have eliminated t h e  problem 

of heterogeneity but would reduce t h e  sample s i ze ,  hence reduce the  

s ignif icance of t he  r e s u l t i n g  s t a t i s t i c s .  

The information presented here i s  considered t o  be substantive t h a t  t h e  

hypothesis i s  v a l i d  though it i s  admitted t h a t  t he  x2 t e s t  i s  not a 

powerful t e s t .  Since t h e  Kolmogorov-Smirnov Test i s  not appl icable  t o  

the  mul t ivar ia te  case,  other t e s t s  a r e  being devised and w i l l  be 

published i n  the  paper being prepared by Crutcher and Fa l l s  (op. c i t . ) .  

The assumption then i s  made t h a t  the  t r o p i c a l  cxclone movements may be 

described by the  b i v a r i a t e  normal d i s t r ibu t ion .  To t h e  extent  t h a t  

these  assumptions m a y  not be qui te  v a l i d ,  t he  t r o p i c a l  cyclone movement 

s t a t i s t i c s  and s t r i k e  p robab i l i t i e s  w i l l  be i n  e r r o r .  However, these  

a re  expected t o  be an improved approximation t o  fu tu re  storm movements 

over those implied by empirical  p robab i l i t i e s .  
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APPENDIX 111. BIVARIATE STATISTICS OF NORTH ATLANTIC 

TROPICAL CYCLONE MOVEMENTS (1899-1969), (1,J) COORDINATES 

Explanation 

The " 5  DEG I D "  i nd ica t e s  t h e  square loca t ion  (see Figure 1). 

dis tances  are given i n  units of one g r i d  length i n  t he  1,J g r id .  The 

parameters are i d e n t i f i e d  by the  abbreviations i n  t h e  Left  column and 

are defined i n  t h e  t e x t  (pages 7-9). The s igns of the component 

movements are as follows: 

A l l  

For s t r a t i f i c a t i o n  with less than  5 observations , t he  s t a t i s t i c s  w e r e  

not computed. For these  cases ,  zeroes are l i s t e d  f o r  a l l  parameters 

except t he  number of observations.  
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APPENDIX I V  

b 

Program t o  in tegra te  t h e  b i v a r i a t e  normal d is t r ibu t ion  over an o f f s e t  

c i r c l e .  

The following program represents  a var iable  increment 

numerical integrat ion method as applied t o  the  i n t e g r a l  

of an e l l i p t i c  b i v a r i a t e  normal density over an o f f s e t  

c i r c l e .  It w a s  developed and programmed by Dr. S. Kaufman 

and C.  Groenewoud of Cornell Aeronautical Laboratory, Inc.  

It i s  reproduced here with t h e  permission of the authors. 

Persons wishing t o  use the  program should t r y  t o  reproduce 

two tes t  cases before applying it t o  other s i tua t ions .  

These tes t  cases are:  

Test Case I 

SIGX = 2 

S I G Y  = 1.6 

Test Case I1 

10.0 

2.0 

CH = 7.0 5.0 

CK = 3.2 7.0 

R = 5.64 17.5 

P = 0.11884 0.84203 

I V - 1  



PROGRAM B I N D C  
D I M E N S  I O N  VO ( 15 1 3  G ( 5 r  5 r  15 1 r S  (4 1 

1001 F D R M A T  ( 5 F 1 0 . 3 )  
1002 F O R M A T  ( 2 X r b H  S I G X  r 2 X ~ 6 H  S I G Y  8 2 X 1 6 H  H r 2 X r 6 H  K r 2 X ~ 6 H  R * r 2 X r 6 H  PROB 1 
1004 F O R M A T  ( I l O 0 E 1 0 . 2 )  
1005 F O R M A T  ( 5 F 8 . 3 r F 8 . 5 1  
1006 F O R M A T  ( 3 E 1 0 . 2 )  
1007 F O R M A T  ( 2 X 1 5 H S ( 1 ) = F 6 * 4 r 2 X , 5 H S ( 2 ) = F 6 , 4 0 2 X , 5 H S ( 3 ) = F 6 o 4 r 2 X r 5 H ~ ( 4 ~ a F 6 o  

1008 F O K M A T ( 2 X 1 5 E 1 5 . 8 )  
1009 F O R M A T ( 2 X r 1 5 H S D M E B O D Y  G O O F E D )  
2001 F O R M A T  ( 2 X r 2 H M = I 2 r 4 X ~ Z H I ~ I 2 ~ 2 E 1 5 ~ 8 )  
Z O O 2  F O R M A T  ( 6 E 1 5 . 5 )  
2003 F O R M A T  ( 2 X r 2 H V V l O F 6 . 2 )  
2004 F O R M A T  ~ 2 X r 3 H I A ~ I 2 r 3 X r 3 H I B ~ I 2 r 3 X 1 3 H F 4 r E 1 5 . 8 r 3 X r 5 ~ ~ E L X ~ E l 5 ~ 8 ~  
2005 F O R M A T  ( 2 X r  3 H I A = I 2 $ 2 X 9 3 H I  B = I 2 r  2x1 5 H I N D X = I 2 r  Z X 0 b H I N O X 2 - 1 2 r  Z X r  4 H I N O g I  

*4 r  2x3 2 HPsF6 4 1 

* 2 /  1 
2006 F O R M A T  (2x1 5 H I  PO§. I ~ ~ ~ X , ~ H S I G X = F ~ . I I Z X ~ ~ H S  I G Y a F 4 .  l r  2x1 3 H C H o F 4 * 1 > 2 X r  

2007 F O R M A T ( Z X r / / )  
2008 F O R M A T ( l H 1 )  

DO 4 K K K Z l r l l  

* 3 H C K = F 4 . 1 / / )  

DO 3 111=183 
3 R E A D  ( 5 r 1 0 0 6 )  ( G ( I I I J J J J ~ K K K ) P J J J = ~ ~ ~ ~  
4 C O N T I N U E  

C O N § T = 1 0 . * * 8  
R T 2 = S Q R T ( 2 , 0 )  
C R l P I = O * 3 9 8 9 4 2 2 8 0 4  
R E A D  ( 5 r 1 0 0 4 )  I P R I N T r E R R  
R E A D  (5r1004) N C A S E  
00 700 I C A S E  - 1 r N C A S E  
R E A D  ( 5 r 1 0 0 1 )  S I G X I S I G Y ~ C H ~ C K ~ R  
W R I T E  ( 6,2008 1 
DO 10 I s 1 0 4  
S(I)=O 

10 C O N T I N U E  
R Z r R * R  
R R 2 = R / R T 2  
I P l ? S = l  

14 GO T O  (1% 163 1% 1 6 ) r  I P O S  
15 B O T T O M  = ( C K + R R 2 ) / S I G Y  

T O P  = ( C K + R ) / S I G Y  
GO T O  20 

16 BCITTOM: ( C K - R ) / S I G Y  
TOP = ( C K - R R 2 ) / S I G Y  

20 S R m S I G X / R R Z  

IV-2 



IV-3 



IV-4 



C = C l * S R  + G ( I A r I B r 6 )  
D l = G ( I A # I B # 7 ]  * S R  + G ( I A I I B , ~ )  
D 2 = D l * S R  + G ( I A r I B r S )  
D = D 2 * S R  + G ( I A r I B r 1 0 )  
E =  G ( I A # I B # l l )  
F 1 =  A * E L L  +B 
F 2 =  F l * E L L + C  
F 3 -  F 2 * E L L + D  
F 4 =  F 3 * E L L + E  
D E L X = ( ( 3 6 0 * 0 * E R R * S R ) / F 4 ) * ~ ~ ~ ~ 5  
W R I T E  ( 6 r 2 0 0 4 1  I A I I B ~ F ~ ~ D E L X  

90 X 2 = X + U E L X  
V 5 = X 2  
GO TO 182  

I N 0  = 0 
X 2  = ' V O (  I N D X )  

92 C A L L  E L  I P S E  ( I P O S r  S IGXI SIGYAICH~CKI R a X 2 9  W2 1 
X l = ( X + X 2 ) / 2 . 0  
C A L L  E L I P S E  ( I P O S I S I G X I S I G Y I C H ~ C K J R ~ X ~ ~ W ~ )  
C A L L  NOR ( W a P H I )  
Y = ( X * X ) / 2 * 0  
Q A =  P H I  * E X P ( - Y )  
C A L L  NOR ( W l r P H I )  
Y = ( X 1 * X 1 ) / 2 * 0  
Q B = 4 o O * P H I * E X P ( - Y )  
C A L L  NOR ( W 2 r P H I )  
Y = ( X 2 * X 2 ) / 2 . 0  
Q C  = P H I  * E X P ( - Y )  
Q = ( ( X 2 ~ X ) / b 0 O ) * ( Q A + Q B + Q C ) ~ C R T P I  
S ( I P O S ) =  S ( I P O S ) + Q  
x = x 2  
w=w2 
I F O ( o G E o V 6 )  GO TO 200 
I F ( I N O m E Q . 0 )  GO TO 93 

91 I F ( I N D X o E Q e I N D X 2 )  GO TO 92 

GO TO 90 
93 I N D X = I N D X + l  

I N 0  = 1 

C A L L  E L I P S E  
C A L L  A B ( X D X 8 W D W r  I A )  I B )  

X D X = X + a O O I  
( IPOSI  S I G X r S  I G Y r  CHI C K r  RIXDXI WDW 1 

GO T O  8 8  
180 J = l  

1800 v o v = v o ( J )  
I F ( V B . L T . V O V )  GO T O  1 8 1  

J=J+1 
GO T O  1800 

I F ( J . E Q . 1 5 )  GO T O  84 

3 

P 

IV- 5 



e 

1 8 1  I N D X = J  

182 J = l  
GO TO 86 

1820 V O V = V O (  J 1 
I F ( V B o L T o V O V 1  GO TO 183 
I F ( J e E Q . 1 5 )  GO T O  84 
J=J+1 
GO T O  1 8 2 0  

183 I N D X 2 = J  
GO T O  9 1  

200 GO T O  ~ 3 0 0 r 4 0 0 r 5 0 0 r 6 0 0 ) r  I P O S  
306 I P O S = I P O S + l  

GO TO 14  
400 I P O S = I P O S + l  

A A A  = S I G X  
S I G X = S  I GY 
S I G Y Z A A A  
B B B  =CH 
C H  = C K  
CK = B B B  
GO T O  1 4  

500 I P U S  = I P O S  + 1 
GO T O  14 

600 Z l = ( C H + R R 2 ) / S I G X  
Z 2 = ( C H = R R 2 ) / S I G X  
Z 3 = ( C K + R R 2 ) / S I G Y  
Z 4 = ( C K - R R 2 ) / S I G Y  
C A L L  NOR ( Z l r A A 1 )  
C A L L  NOR ( Z 2 r A A 2 )  
C A L L  NOR ( Z 3 r A A 3 )  
C A L L  NOR ( 2 4 r A A 4 )  
P = ( A A l = A A 2 ) * ( A A 3 - - A A 4 1  
P R O B =  S ( 1 ) - S ( Z ) + S ( 3 ) - S ( 4 ) - P  
W R I T E ( 6 r 2 0 0 7 )  
W R I T E  (60 1007) S (1 ) r S  ( 2  1 r 5  ( 3  I r S ( 4 1 r  P 
W R I T E ( 6 r  2007) 
W R I T E ( b r 1 0 0 2 )  
W R I T E  (63 1005) S I G Y r S  I G X * C K r C H r R r  P R O B  

C I N T E R C H A N G E S  I N  ABOVE S T A T E M E N T  A R E  I N T E N T I O N A L 0  S E E  400-500r 
700 C O N T I N U E  

S T O P  
END 

S U B R O U T I N E  E L I P S E  ( N I  S I G X r S  I G Y r C H a C K r  RI X r  W 1 
R A D ~ = R ~ ~ ~ - ( X ~ S I G X U C H ) ~ ~ ~ ,  
R A D = S Q R T ( R A D 2 )  < . #  

GO TO ( 1 0 1 2 O r 1 0 3 2 O ) r N  . >  

GO TO 30 
10 W =  ( C K + R A D ) / S I G % )  

20 W =  ( C K - R A D ) / S I G Y  
30 R E T U R N  

E N D  
IV-6 



SUBRTJU'PINE A B (  
(93aABS(Q1)  

e % )  GO TO P P  
S O )  ea TO 10 

GCI T O  12  

GO TKI 12 
10 I=2 

11 I=3 
1 eo TO 1 4  
1 GO 7 8  13 

RETURN 
14  J a 3  
15 RETURN 

E N D  

GO TO 40 
0 P = l  

Y e G T e 1 O e O )  eo TO 4 2  
B 1 =  0 , 3 1 9 3 8 1 5  
B2=(-0.356563 
8 3 =  1 .781479937  
8 4 = ( - 1 . 8 2 1 2  e ,  
5s 1.33027 

P=%,O/~1*0+P*Yl 
A l =  BS*T 9 e34 
A2= A1*T + 8 3  
A3= A2*T + 
A4= A3*T + 
A53 A4*T 
x2=  ( Y * Y  1 / 
c = a3989 0 4  
z = 6 * E X P [ - X 2 1  

44 I F  (%[,EQ,l) GO TD 5 0  

5 e231641 

P H P = Z * A 5  
RETURN 

0 PHI=1,0-%*8 

END 
IV-7 



e PERMANENT DATA CARDS 
2m2€=01. 
3rOE-03 
1 e 1E-05 
1 e9E-00 
2 8)  4E-02 
1 B OE-04 
4rOE~01 
1 B 5E-02 
1 r OE-04 

QsOEmQ1 
e4E-02 
e4E-04 

5 D 8E-BO 
=?Et2E-0 
2e9E-0 
2 m 4E-00 
8 r7E-02 

3o3E-02 
4 (I O b 0 4  
1 e 7E-0 
100E-0 
2e2E-0  
9 r O E a O Q  
3e6E-01 
1 e 4E003 
805E-0 
le3E-0 
1 s7E-0 
6 e 5 E - 0  
5 * BE-0 

le4E-0 
2 e 2E-0 
2 o OE-0 
2*0€-0 
7o2E-0 
9 o 05-04 
3 u 6E-06 
3 e OE-02 

\ 
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